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Abstract
We describe a general process where a non-Lorentzian rescaling of a super-
symmetric field theory leads to a scale-invariant fixed point action without
Lorentz invariance but where the supersymmetry is preserved or even en-
hanced. We apply this procedure to five-dimensional maximally supersym-
metric super-Yang-Mills, leading to a field theory with 24 super(conformal)
symmetries. We also apply this procedure to the BLG model with 32 su-
per(conformal) symmetries and ABJM models with 24 super(conformal)
symmetries.
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1 Introduction
Supersymmetric field theories have long been of interest and are central to the dynamics of branes
in String Theory and M-theory. Such theories are usually taken to be Lorentz invariant but non-
Lorentzian supersymmetric theories can arise, typically in a system where one has fixed a frame
of reference (such as in a DLCQ construction) or introduced a Lorentz-violating background. The
brane dynamics are then often governed by a Lifshtiz or Galilean invariant field theory. Another
class of examples are Carollian limits [1]. Similar models are also of interest in condensed matter
physics. Some examples of such theories are given in [2–9]. There is also a considerable literature
on the AdS duals of such theories (for example see [10–18]).
Recently non-Lorentzian field theories with maximal supersymmetry were constructed by
examining branes in M-theory in frames that have been infinitely boosted [19]. The resulting
dynamics localizes onto a moduli space of BPS states and can be further reduced to a quantum
mechanical model. In these theories the familiar Manton approximation for slow motion on a
soliton moduli space becomes exact. These appear to be a new class of supersymmetric models
with Lifshitz scaling symmetry. In particular, in distinction to traditional Lifshitz-like actions,
they are at most quadratic in derivatives.
In this paper we consider a generic supersymmetric field theory and perform a non-Lorentzian
scale transformation with a parameter η. For η 6= 0 the transformation is invertible and theory
is equivalent to the original theory. However we construct the limiting theory at η = 0 and
show that supersymmetry can be preserved by removing divergent terms and replacing them
with a Lagrange multiplier constraint that sets them to zero. This leads to a supersymmetric,
scale-invariant fixed point theory without Lorentz symmetry (typically with just translations and
spatial rotations). A similar process has been discussed for supergravity in [20] although those
authors pursue a different treatment of divergent terms.
This paper is organised as follows. In section two we present the general construction. In
section three we apply this to the five-dimensional maximally supersymmetric Yang-Mills action
and show that the resulting fixed point action has a Liftshitz scale symmetry and, in addition
to the original 16 supersymmetries, 8 superconformal symmetries. In section four we apply our
techniques to the Chern-Simons-matter theories of M2-branes: at first the N = 8 BLG model
and show that all 32 super and superconformal symmetries are preserved and then extend this to
the N = 6 ABJM/ABJ models where all 24 super and superconformal symmetries are preserved.
Section five contains our conclusions. We also include an appendix discussing how the particular
scaling used in section three arises in the context of M5-branes, leading to the proposal of [21,22].
2 Scaling limits of supersymmetric actions
2.1 The basic case
We start by outlining a general prescription by which we can take scaling limits of supersymmet-
ric theories while retaining all of the initial supersymmetry. So let S be a supersymmetric action
and let {Φα} be the set of all fields, both bosonic and fermionic, each taking values in some vector
space Vα. For brevity and clarity, take the Φα real, and let ( . , . ) be some real inner product
on V = ⊕αVα.
Now suppose further that we introduce a continuous parameter η and rescale all the fields
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and coordinates by some power of η; Φα → ηλαΦα, xµ → ηλµxµ. The action may now be written
S =
∑
λ
ηλSλ , (2.1)
where each of the Sλ is independent of η. In this paper we will restrict our attention to cases
where, after a suitable choice of η and scaling weights, the action just contains three terms:
S = η−1S−1 + S0 + ηS1 , (2.2)
although our results trivially extend to cases where there are an arbitrary number of terms with
positive powers of η. For a fixed η 6= 0 nothing has really changed and the dynamics is equivalent
to the undeformed case. Our aim here is to try to make sense of the theory in the limit that
η → 0.
We also extract the η dependance of the supersymmetry variations δ and we allow for the
supersymmetry parameter ǫ to also scale. In general these can be expanded in a similar expansion
as (2.1) but here we only consider cases where
δ = η−1δ−1 + δ0 + ηδ1 . (2.3)
Again our results also apply if there is an arbitrary number of terms with postive powers of η.
Then, the fact that the action is supersymmetric, i.e. δS = 0, can now be written as a tower of
invariance equations for each λ: ∑
λ′
δλ′Sλ−λ′ = 0 . (2.4)
In particular we will have the invariance conditions:
δ−1S−1 = 0
δ−1S0 + δ0S−1 = 0
δ−1S1 + δ0S0 + δ1S−1 = 0 . (2.5)
We introduce one final piece of notation. Just as the action has been split into a series in η, so
can the equations of motion arising from the variation of each of the Φα. We let E
(λ)
A denote the
equation of motion for Φα at level λ, i.e. under general infinitesimal variations of the fields,
δSλ =
∫
ddx
(
δΦα, E(λ)α
)
. (2.6)
To analyse the limit η → 0 we consider the case where S−1 is of the form
S−1 =
∫
ddx
[
1
2
κab (Ωa,Ωb)
]
. (2.7)
Here the Ωa are generically composite fields made up of the Φ
α, and κab is symmetric and non-
degenerate. The λ = −2 invariance condition implies that∫
ddx κab
(
δ−1Φα
∂Ωa
∂Φα
,Ωb
)
= 0 . (2.8)
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To begin with we restrict our attention to the cases where Ωa is purely bosonic and δ−1Φα is only
non-zero for fermionic fields. Thus (2.8) will be trivially satisfied as ∂Ωa/∂Φ
α = 0 for fermionic
choices of α. Our analysis can be extended to other cases (indeed we will study one such extension
below).
In the physically relevant cases where S−1 is positive definite there is a straightforward inter-
pretation of the theory in the limit η → 0. We see that in this limit, we localise onto the classical
minima of S−1, while disregarding Sλ for λ > 0. As such it is important to make this constraint
as weak as possible by a suitable choice of boundary term in the definition of S−1. We can then
ignore such boundary terms as they do not contribute to the invariance of the action or on-shell
dynamics (although they may still have a physical interpretation). The classical minima then
simply correspond to Ωa = 0. Thus in the limit η → 0 we expect that the dynamics is captured
by the simple action
S˜ = S0 +
∫
ddx κab (Ωa, Gb) , (2.9)
where Ga are new fields that impose the constraints Ωa = 0. As we now show, under mild as-
sumptions, we suitably can modify the supersymmetry transformation δ → δ˜ = δ0 + δ′ so as to
ensure that δ˜S˜ = 0.
To establish this we observe that for such a form of S−1, the λ = −1 invariance equation
implies that
δ−1S0 + δ0S−1 =
∫
ddx
[(
δ−1Φα, E(0)α
)
+ κab (δ0Ωa,Ωb)
]
= 0 . (2.10)
We emphasise that this equation is satisfied purely algebraically and off-shell. If δ−1Φα is only
non-zero for fermionic fields and Ωa is bosonic we see that E
(0)
α and δ0Ωa are fermionic. Therefore
we can find functions Σαa such that
δ0Ωa = −ΣαaE(0)α , (2.11)
and hence
δ−1Φα = κab∗ΣαaΩb , (2.12)
where ∗Σαb is the adjoint map to Σ
α
b with respect to the ( , ) inner-product. With these relations
in hand, we turn our attention to the λ = 0 invariance equation,
δ0S0 + δ−1S1 + δ1S−1 = 0 . (2.13)
This means that S0 is not invariant under the δ0 supersymmetry but rather
δ0S0 = −δ−1S1 − δ1S−1
= −
∫
ddx κab
(
∗ΣαbΩa, E
(1)
α
)
−
∫
ddx κab (Ωa, δ1Ωb)
= −
∫
ddx κab
(
Ωa,Σ
α
bE
(1)
α
)
−
∫
ddx κab (Ωa, δ1Ωb) , (2.14)
Our task now is to find the corrected supersymmetry δ′ to ensure that δ˜S˜ = 0. Since the
terms in δ0S0 are all proportional to Ωa we can cancel them by taking
δ′Ga = ΣαaE
(1)
α + δ1Ωa . (2.15)
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This leaves us with
δ˜S˜ = δ′S0 +
∫
ddx κab
(
(δ0 + δ
′)Ωa, Gb
)
=
∫
ddx (δ′Φα, E(0)α )−
∫
ddx κab
(
ΣαaE
(0)
α , Gb
)
+
∫
ddx κab
(
δ′Ωa, Gb
)
. (2.16)
We can now set δ˜S˜ = 0 by taking
δ′Φα = ∗ΣαaGbκ
ab , (2.17)
provided that we can also have δ′Ωa = 0. Namely we require that
δ′Ωa = δ′Φα
∂Ωa
∂Φα
= ∗ΣαaGbκ
ab ∂Ωa
∂Φα
= 0 . (2.18)
Since Ga is an independent field that doesn’t appear in Ωa or
∗Σαa this implies
∗Σαb
∂Ωa
∂Φα
= 0 . (2.19)
When Ωa is only made of bosonic fields Σ
α
a is only non-zero for fermionic choices of the α-index
but ∂Ωa/∂Φ
α is only non-zero for bosonic choices of α and hence (2.19) holds.
Thus in summary, and in slightly more generality, we find that if the scaling leads to a
divergent term in the action of the form (2.7) then, assuming that we can construct the map Σαa
defined in (2.12), we can construct a supersymmetric action S˜ where
S˜ = S0 +
∫
ddx κab (Ωa, Gb)
δ˜Φα = δΦα + ∗ΣαaGbκ
ab
δ˜Ga = Σ
α
aE
(1)
α + δ1Ωa , (2.20)
provided that (2.19) holds. In particular we have argued that this can always be done in the case
that S−1 is bosonic and δ−1 is fermionic.
Lastly we point out that we started off with a scaling that was not a symmetry of the original
action S, otherwise we would have S0 = S, δ0 = δ and hence S˜ = S, δ˜ = δ, meaning that
the whole process was trivial. However this scaling is a symmetry of S˜. In particular S0 is
scale invariant by construction and, in order to have appeared in S−1, Ωa must scale as Ωa →
η−(λ0+λ1···+λd−1+1)/2Ωa. Thus if we let Ga → η−(λ0+λ1...+λd−1−1)/2Ga then S˜ will be invariant
under the scale transformation.
In other words, by introducing a scaling we have produced an inhomogeneous RG flow resulting
in a fixed point theory in the limit η → 0, which is invariant under the scaling.
2.2 A more general prescription
The crucial quality of the initial theory that allowed for this procedure to work was the quite
simple form (2.7) of S−1. A related condition is that δ−1Φα 6= 0 only for fermionic Φα. We can
adapt this prescription for a more general situation as we now discuss, although the details are
better left to the explicit examples below.
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We saw that the scaling led to an RG flow with S˜ the fixed point action. The flow is rather
trivial in that all the fields simply obey their naive scaling behaviour. However one could allow for
field redefinitions and mixings along the flow. Thus we could consider making the field redefinition
Φα → Φα − η−1χα , (2.21)
in the rescaled theory, where χα is some function of the fields.1 This has two key effects. Firstly
it leads to a shift in δ−1Φα:
δ−1Φα → δ−1Φα − δ0χα , (2.22)
and secondly it will affect the form of S−1:
S−1 → S−1 −
∫
ddx
(
χα, E(0)α
)
+
1
2
∫
ddx
(
χαχβ,
∂E
(1)
α
∂Φβ
)
. (2.23)
as well as shifting other terms around. In general this will introduce S−2 and δ−2 and even more
divergent terms. These would in turn lead to additional terms in the invariance conditions (2.5)
and invalidate the previous discussion. However we will see below that there are cases where a
suitable choice of field redefinition maps the theory back to the situation studied above where S−1
takes the form of (2.7) and δ−1Φα 6= 0 only for fermions, without introducing higher divergences.
This provides a procedure for cases the where δ−1Φα 6= 0 for bosons. Namely one first looks
to find a field definition so that δ−1Φα = 0 for the new bosonic fields and then ones determines
the resulting form of S−1. If it is of the form (2.7), with no further divergences, then one can
proceed as in the previous discussion.
3 Yang-Mills
The simplest application of the above construction starts with five-dimensional maximally super-
symmetric Yang-Mills:
S =
1
g2
tr
∫
d5x
(
−1
4
FµνF
µν − 1
2
DµX
IDµXI +
1
4
[XI ,XJ ][XI ,XJ ]
+
i
2
Ψ¯ΓµDµΨ− 1
2
Ψ¯Γ5Γ
I [XI ,Ψ]
)
. (3.1)
In this section we take µ, ν = 0, 1, 2, 3, 4, I, J = 6, 7, 8, 9, 10 and the Γ-matrices are a real 32× 32
representation of Spin(1, 10). Additionally, the fermions satisfy Γ012345Ψ = −Ψ. This action has
the supersymmetry
δXI = iξ¯ΓIΨ
δAµ = iξ¯ΓµΓ5Ψ
δΨ =
1
2
ΓµνΓ5Fµνξ + Γ
µΓIDµX
Iξ − i
2
ΓIJΓ5[X
I ,XJ ]ξ . (3.2)
1Again one could allow for more general powers of η but we leave that to future work. Here we assume the
same expansion in terms of η−1, η0 and η that we considered above.
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with Γ012345ξ = ξ. Next we want to consider a rescaling of the theory. In particular we take
x0 → η−1x0
xi → η−1/2xi
XI → ηXI
Ψ+ → ηΨ+
Ψ− → η3/2Ψ−
ξ+ → η−1ξ+
ξ− → η0ξ− , (3.3)
where i, j = 1, 2, 3, 4 and we have introduced
Γ± =
1√
2
(Γ0 ± Γ5) , (3.4)
and the corresponding projections
Ψ± =
1
2
(1± Γ05)Ψ ξ± = 1
2
(1± Γ05)ξ . (3.5)
One can motivate this particular scaling by considering the action on multiple M5-branes in an
infinitely boosted frame, as explained in the appendix.
Following the discussion above this scaling leads to
S = η−1S−1 + S0 + η1S1 , (3.6)
where (we also further rescale all the positive chirality spinors by a factor of 21/4 and negative
chirality ones by 2−1/4 so as to agree with [19])
S−1 =
1
g2
tr
∫
d4x dx0
(
−1
4
FijFij
)
S0 =
1
g2
tr
∫
d4x dx0
(
1
2
F0iF0i − 1
2
(
DiX
I
) (
DiX
I
)− i
2
Ψ¯Γ−D0Ψ
+
i
2
Ψ¯ΓiDiΨ+
1
2
Ψ¯Γ−ΓI [XI ,Ψ]
)
S1 =
1
g2
tr
∫
d4x dx0
(
1
2
(
D0X
I
) (
D0X
I
)− i
4
Ψ¯Γ+D0Ψ
− 1
4
Ψ¯Γ+Γ
I [XI ,Ψ] +
1
4
[XI ,XJ ][XI ,XJ ]
)
. (3.7)
The supersymmetries take the form
δ = η−1δ−1 + δ0 + ηδ1 , (3.8)
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with
δ−1Ψ = −12FijΓijΓ−ξ (3.9)
δ0X
I = iξ¯ΓIΨ
δ0A0 = iξ¯Γ−+Ψ
δ0Ai = −iξ¯ΓiΓ−Ψ (3.10)
δ0Ψ = F0iΓiΓ−+ξ + 14FijΓijΓ+ξ +
(
D0X
I
)
ΓIΓ−ξ
+
(
DiX
I
)
ΓiΓ
Iξ + i2 [X
I ,XJ ]ΓIJΓ−ξ
δ1Ai =
i
2 ξ¯ΓiΓ+Ψ
δ1Ψ =
1
2
(
D0X
I
)
ΓIΓ+ξ − i4 [XI ,XJ ]ΓIJΓ+ξ . (3.11)
We want to make the constraint S−1 = 0 as weak as possible so we shift S−1 by a topological
piece proportional to εijkltr(FijFkl) to obtain
S−1 = − 1
2g2
tr
∫
d4x dx0
(
F−ij F
−
ij
)
, (3.12)
where F−ij =
1
2Fij − 14εijklFkl. In terms of the notation above we have a → [ij], κab → κij,kl =
−δikδjl and Ωij = 1gF−ij . We then find
δ0Ωij = − i
2g
ξ¯Γ−ΓijΓkDkΨ = −g
2
ξ¯Γ−ΓijE
(0)
Ψ
δ−1Ψ = −1
2
F−ij ΓijΓ−ξ = −
g
2
ΩijΓijΓ−ξ , (3.13)
Hence, if we take ΣΨij =
g
2 ξ¯Γ−Γij, with Σ
α
ij = 0 for all α 6= Ψ, we indeed have
δ0Ωij = −ΣΨijE(0)Ψ
δ−1Ψ = κij,kl ∗ΣΨijΩkl = −∗ΣΨijΩij , (3.14)
where here ∗ is simply the Dirac conjugate. So, we are safe to proceed with the procedure. The
end result is that, in the limit η → 0, the theory is described by the following action
S =
1
g2
tr
∫
d4x dx0
(
1
2
F0iF0i +
1
2
FijGij − 1
2
(
DiX
I
) (
DiX
I
)
− i
2
Ψ¯Γ−D0Ψ+
i
2
Ψ¯ΓiDiΨ+
1
2
Ψ¯Γ−ΓI [XI ,Ψ]
)
, (3.15)
where the new Lagrange multiplier is an anti-self-dual spatial 2-form Gij . The supersymmetry
variations are
δXI = iξ¯ΓIΨ
δA0 = iξ¯Γ−+Ψ
δAi = −iξ¯ΓiΓ−Ψ
δΨ = F0iΓiΓ−+ξ + 14FijΓijΓ+ξ +
(
D0X
I
)
ΓIΓ−ξ
+
(
DiX
I
)
ΓiΓ
Iξ + i2 [X
I ,XJ ]ΓIJΓ−ξ + 14GijΓijΓ−ξ
δGij =
i
2 ξ¯Γ+ΓkΓijDkΨ+
i
2 ξ¯Γ−ΓijΓ+D0Ψ+
1
2 ξ¯Γ−ΓijΓ+Γ
I [XI ,Ψ] . (3.16)
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This reproduces the theory first obtained in [19] (but the equations of motion where found and
analysed in [26]). Upon integrating out Gij we are stricted to the space of self-dual gauge fields
on R4 and the theory reduces to motion on instanton moduli space, see [24].
It is easy to check that (3.15) has the Liftshitz scaling symmetry (3.3) provided that Gij →
η2Gij . However one can also see that it has an additional superconformal symmetry which does
not have an analogue in the original theory:
δXI = iǫ¯ΓIΨ
δA0 = iǫ¯Γ−+Ψ
δAi = −iǫ¯ΓiΓ−Ψ
δΨ = F0iΓiΓ−+ǫ+ 14FijΓijΓ+ǫ+
(
D0X
I
)
ΓIΓ−ǫ+
(
DiX
I
)
ΓiΓ
Iǫ
+ i2 [X
I ,XJ ]ΓIJΓ−ǫ+ 14GijΓijΓ−ǫ− 4XIΓIζ−
δGij =
i
2 ǫ¯Γ+ΓkΓijDkΨ+
i
2 ǫ¯Γ−ΓijΓ+D0Ψ+
1
2 ǫ¯Γ−ΓijΓ+Γ
I [XI ,Ψ] + 3iζ¯−Γ+ΓijΨ , (3.17)
where now ǫ = ξ + x0Γ+ζ− + xiΓiζ−. Thus there are 16 supersymmetries parameterized by a
constant ξ and an additional 8 superconformal supersymmetries parameterized by a constant ζ−.
These are consistent with the 32 super(conformal) symmetries of the M5-brane theory reduced
on a null direction x− with the restriction that all fields and supersymmetries are independent
of x− (which explains why there is no ζ+ superconformal symmetry as the resulting ξ would be
linear in x−).
3.1 A 1-parameter family of alternatives
We could ask what would happen had we not shifted S−1 by a topological piece. Indeed, there
is a 1-parameter family of ways in which we can write S−1, each related by a shift by some
multiple of εijkltr(FijFkl). It’s easily seen that the form we chose is the unique choice such that
the integrand (2.10) vanishes identically. Otherwise, it is equal to a boundary term, thanks to
the Bianchi identity for Fij .
What this boils down to is the fact that, for other choices of the boundary term, we must also
relax the condition that Gij be anti-self-dual and allow it to be a general spatial 2-form. One
finds that δGij is then shifted by
δGij → δGij + iαǫ¯Γ+ΓijkDkΨ = δGij + iα2 (ǫ¯Γ+ΓijΓkDkΨ︸ ︷︷ ︸
self-dual
+ ǫ¯Γ+ΓkΓijDkΨ︸ ︷︷ ︸
anti-self-dual
) , (3.18)
for some α ∈ R. For any α 6= 0, δGij has both non-zero self-dual and anti-self-dual parts, and we
are forced to regard Gij as a generic 2-form. Upon integrating out such a Gij , we have the flat
connection condition Fij = 0.
Thus, the theory described by the action (3.15) can be seen as a special case, where α = 0,
δG+ij = 0, and we are safely able to regard Gij as anti-self-dual. As we’ve already mentioned,
integrating out Gij puts us onto instanton moduli space, with instanton number k ≥ 0. Of course
in the trivial sector (k = 0), the condition is simply Fij = 0. Thus, we haven’t lost anything by
going to this special case, α = 0. Notably, however, we see that only the instanton sectors (as
opposed to anti-instanton) are accessible. Of course the reverse would be the case if we’d instead
chosen x+ as our null-compactified direction.
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4 Chern-Simons-Matter
We now turn our attention to similar limits of worldvolume theories for multiple M2-branes.
In [23], a non-Lorentzian variant of the N = 8 BLG theory was constructed from the (2, 0)
system of [25,26]. It was further explained that this system is U-dual to the DLCQ description of
M5-branes. As we have just seen, the latter can be obtained via a scaling limit of five-dimensional
maximally supersymmetric Yang-Mills. Thus we expect that a similar scaling limit of the N = 8
theory will obtain the theory of [23].
We first look at the N = 8 theory, where it turns out there is essentially a unique way in which
we must scale the fields and coordinates in order to arrive at the theory of [19]. In section 4.2, we
apply the same scaling to the ABJM/ABJ action, and thus derive the associated non-Lorentzian
fixed-point theory, which nonetheless still has manifest N = 6 supersymmetry.
4.1 N = 8
Our starting point is the regular N = 8 theory [27, 28]. The dynamical fields take values in a
three-algebra V with invariant inner product 〈 · , · 〉 and totally anti-symmetric product
[ · , · , · ] : V ⊗ V ⊗ V → V , (4.1)
which acts on itself as a derivation,
[U, V, [X,Y,Z]] = [[U, V,X], Y, Z] + [X, [U, V, Y ], Z] + [X,Y, [U, V, Z]] . (4.2)
Additionally, the three-algebra generates a Lie-algebra G by the analogue of the adjoint map,
X → ϕU,V (X) = [U, V,X] for any U, V ∈ V. This naturally induces an invariant inner product
( · , · ) on G, which satisfies
(T, ϕU,V ) = 〈T (U), V 〉 , (4.3)
for any T ∈ G and U, V ∈ V.
The action is
S =
∫
d3x
(
− 1
2
〈
DµX
I ,DµXI
〉− 1
12
〈[
XI ,XJ ,XK
]
,
[
XI ,XJ ,XK
]〉
+
i
2
〈
Ψ¯,ΓµDµΨ
〉
+
i
4
〈
Ψ¯,ΓIJ
[
XI ,XJ ,Ψ
]〉
+
1
2
ǫµνλ
(
(Am, ∂nAp)− 2
3
(Aµ, AνAλ)
))
, (4.4)
where in this section µ, ν, λ = 0, 1, 2, and we use the convention ǫ012 = −1. The scalars XI ,
I = 3, 4, . . . , 10 and 32-component real spinors Ψ take values in V, while the gauge field Aµ takes
values in G. We take the field strength to be Fµν = −[Dµ,Dν ] = ∂µAν − ∂νAµ − [Aµ, Aν ]. The
spinors additionally satisfy Γ012Ψ = −Ψ. We have
DµX
I = ∂µX
I −Aµ
(
XI
)
, (4.5)
and similarly for Ψ. The theory possesses 16 supercharges corresponding to rigid supersymmetry,
and an additional 16 corresponding to superconformal symmetry. In particular, we have δS = 0,
with
δXI = iǫ¯ΓIΨ
δΨ =
(
DµX
I
)
ΓµΓIǫ− 16
[
XI ,XJ ,XK
]
ΓIJKǫ− 13XIΓIΓµ∂µǫ
δAµ( · ) = iǫ¯ΓµΓI
[
XI ,Ψ, · ] , (4.6)
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where ǫ takes the form ǫ = ξ + xµΓµζ. We additionally have Γ012ξ = ξ and Γ012ζ = ζ, and so
Γ012ǫ = ǫ.
Motivated by the theory obtained in [19], we first introduce complex coordinate on the
worldvolume z = x1 + ix2. We also combine two of the off-brane scalars into a complex pair,
Z = X3 + iX4, while labelling the rest XA with A = 5, 6, . . . , 10. Further, we split spinors into
definite chiralities under the Γ034 = −2iΓ0ΓZZ¯ , so that e.g. Ψ± := 12 (1± Γ034)Ψ.
Given this form of S and δ, we consider the scaling
x0 → η−1x0 ξ+ → η−1/2ξ+
z, z¯ → η−1/2z, z¯ ξ− → ξ−
Z, Z¯ → Z, Z¯ ζ+ → η1/2ζ+
XA → η1/2XA ζ− → ηζ−
Ψ+ → η1/2Ψ+
Ψ− → ηΨ− . (4.7)
The scaling of ξ and ζ imply that it terms of ǫ± we have
ǫ+ → η−1/2
((
1− z∂ − z¯∂¯) ǫ+ + η (z∂ + z¯∂¯) ǫ+)
ǫ− → ǫ− . (4.8)
After this scaling, the action is of the form S = η−1S−1 + S0 + ηS1, with
S−1 =
∫
d3x
(
− 〈DZ, D¯Z¯〉− 〈DZ¯, D¯Z〉+ 1
8
〈[
XA, Z, Z¯
]
,
[
XA, Z, Z¯
]〉
+
1
4
〈
Ψ¯+,Γ0
[
Z, Z¯,Ψ+
]〉)
(4.9)
S0 =
∫
d3x
(
1
2
〈
D0Z,D0Z¯
〉− 2 〈DXA, D¯XA〉− 1
4
〈[
XA,XB , Z
]
,
[
XA,XB , Z¯
]〉
(4.10)
− i
2
〈
Ψ¯+,Γ0D0Ψ+
〉
+ 2i
〈
Ψ¯+,
(
ΓzD¯ + Γz¯D
)
Ψ−
〉− 1
4
〈
Ψ¯−,Γ0
[
Z, Z¯,Ψ−
]〉
+ i
〈
Ψ¯+,Γ
AΓZ
[
XA, Z,Ψ−
]〉
+ i
〈
Ψ¯+,Γ
AΓZ¯
[
XA, Z¯,Ψ−
]〉
+
i
4
〈
Ψ¯+,Γ
AB
[
XA,XB ,Ψ+
]〉
+ i
(
(A0, Fzz¯) + (Az¯, F0z) + (Az, Fz¯0) + (A0, [Az, Az¯])
))
S1 =
∫
d3x
(
1
2
〈
D0X
A,D0X
A
〉− 1
12
〈[
XA,XB ,XC
]
,
[
XA,XB ,XC
]〉
− i
2
〈
Ψ¯−,Γ0D0Ψ−
〉
+
i
4
〈
Ψ¯−,ΓAB
[
XA,XB ,Ψ−
]〉)
. (4.11)
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This action is invariant under δ = η−1δ−1 + δ0 + ηδ1, with
δ−1Ψ− = 2
(
D¯Z
)
ΓzΓZ
(
1− z¯∂¯) ǫ+ + 2 (DZ¯)Γz¯ΓZ¯ (1− z∂) ǫ+ (4.12)
+ i2
[
XA, Z, Z¯
]
ΓAΓ0
(
1− z∂ − z¯∂¯) ǫ+
δ−1A0( · ) = −ǫ¯+ΓZ [Z,Ψ+, · ] + ǫ¯+ΓZ¯
[
Z¯,Ψ+, ·
]
δ0Z = 2i ((1− z∂) ǫ¯+) ΓZ¯Ψ+ (4.13)
δ0Z¯ = 2i
((
1− z¯∂¯) ǫ¯+)ΓZΨ+
δ0X
A = i
((
1− z∂ − z¯∂¯) ǫ¯+)ΓAΨ− + iǫ¯−ΓAΨ+
δ0Ψ+ = − (D0Z) Γ0ΓZ
(
1− z¯∂¯) ǫ+ − (D0Z¯)Γ0ΓZ¯ (1− z∂) ǫ+ + 2 (DZ) Γz¯ΓZǫ−
+ 2
(
D¯Z¯
)
ΓzΓZ¯ǫ− + 2
(
DXA
)
Γz¯Γ
A (1− z∂) ǫ+ + 2
(
D¯XA
)
ΓzΓ
A
(
1− z¯∂¯) ǫ+
− 12
[
XA,XB , Z
]
ΓABΓZ
(
1− z¯∂¯) ǫ+ − 12 [XA,XB , Z¯]ΓABΓZ¯ (1− z∂) ǫ+
− i2
[
XA, Z, Z¯
]
ΓAΓ0ǫ− + 23ZΓz¯ΓZ∂ǫ− +
2
3 Z¯ΓzΓZ¯ ∂¯ǫ−
+ 13ZΓZΓ0∂0ǫ+ +
1
3 Z¯ΓZ¯Γ0∂−ǫ+
δ0Ψ− = −
(
D0X
A
)
Γ0Γ
A
(
1− z∂ − z¯∂¯) ǫ+ + 2 (DXA)Γz¯ΓAǫ− + 2 (D¯XA)ΓzΓAǫ−
− (D0Z) Γ0ΓZǫ− −
(
D0Z¯
)
Γ0ΓZ¯ǫ− − 16
[
XA,XB ,XC
]
ΓABC
(
1− z∂ − z¯∂¯) ǫ+
− 12
[
XA,XB , Z
]
ΓABΓZǫ− − 12
[
XA,XB , Z¯
]
ΓABΓZ¯ǫ− + 2z¯
(
D¯Z
)
ΓzΓZ ∂¯ǫ+
+ 2z
(
DZ¯
)
Γz¯ΓZ¯∂ǫ+ +
i
2
[
XA, Z, Z¯
]
ΓAΓ0
(
z∂ + z¯∂¯
)
ǫ+ +
2
3ZΓzΓZ ∂¯ǫ+
+ 23 Z¯Γz¯ΓZ¯∂ǫ+ +
1
3ZΓZΓ0∂0ǫ− +
1
3 Z¯ΓZ¯Γ0∂0ǫ−
− 23XAΓAΓz¯∂ǫ− − 23XAΓAΓz∂¯ǫ− + 13XAΓAΓ0∂0ǫ+
δ0A0( · ) = ǫ¯−ΓZ [Z,Ψ−, · ]− ǫ¯−ΓZ¯
[
Z¯,Ψ−, ·
]
+ i
((
1− z∂ − z¯∂¯) ǫ¯+)Γ0ΓA [XA,Ψ−, · ]+ iǫ¯−Γ0ΓA [XA,Ψ+, · ]
δ0Az( · ) = i
((
1− z¯∂¯) ǫ¯+)ΓzΓZ [Z,Ψ−, · ] + iǫ¯−ΓzΓZ¯ [Z¯,Ψ+, · ]
+ i
((
1− z¯∂¯) ǫ¯+)ΓzΓA [XA,Ψ+, · ]
δ0Az¯( · ) = iǫ¯−Γz¯ΓZ [Z,Ψ+, · ] + i ((1− z∂) ǫ¯+) Γz¯ΓZ¯
[
Z¯,Ψ−, ·
]
+ i ((1− z∂) ǫ¯+) Γz¯ΓA
[
XA,Ψ+, ·
]
δ1Z = 2iǫ¯−ΓZ¯Ψ− + 2iz (∂ǫ¯+) ΓZ¯Ψ+ (4.14)
δ1Z¯ = 2iǫ¯−ΓZΨ− + 2iz¯
(
∂¯ǫ¯+
)
ΓZΨ+
δ1X
A = i
((
z∂ + z¯∂¯
)
ǫ¯+
)
ΓAΨ−
δ1Ψ+ = −
(
D0X
A
)
Γ0Γ
Aǫ− − 16
[
XA,XB ,XC
]
ΓABCǫ− − z¯ (D0Z) Γ0ΓZ ∂¯ǫ+
− z (D0Z¯)Γ0ΓZ¯∂ǫ+ + 2z (DXA)Γz¯ΓA∂ǫ+ + 2z¯ (D¯XA)ΓzΓA∂¯ǫ+
− 12 z¯
[
XA,XB , Z
]
ΓABΓZ ∂¯ǫ+ − 12z
[
XA,XB , Z¯
]
ΓABΓZ¯∂ǫ+
− 23XAΓAΓz¯∂ǫ+ − 23XAΓAΓz∂¯ǫ+ + 23XAΓAΓ0∂0ǫ−
δ1Ψ− = −
(
D0X
A
)
Γ0Γ
A
(
z∂ + z¯∂¯
)
ǫ+ − 16
[
XA,XB ,XC
]
ΓABC
(
z∂ + z¯∂¯
)
ǫ+
δ1A0( · ) = i
((
z∂ + z¯∂¯
)
ǫ¯+
)
Γ0Γ
A
[
XA,Ψ−, ·
]
δ1Az( · ) = iǫ¯−ΓzΓA
[
XA,Ψ−, ·
]
+ iz¯
(
∂¯ǫ¯+
)
ΓzΓZ [Z,Ψ−, · ] + iz¯
(
∂¯ǫ¯+
)
ΓzΓ
A
[
XA,Ψ+, ·
]
δ1Az¯( · ) = iǫ¯−Γz¯ΓA
[
XA,Ψ−, ·
]
+ iz (∂ǫ¯+) Γz¯ΓZ¯
[
Z¯,Ψ−, ·
]
+ iz (∂ǫ¯+) Γz¯Γ
A
[
XA,Ψ+, ·
]
,
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and ǫ = ξ + xµΓµζ = ξ +
(
x0Γ0 + zΓz + z¯Γz¯
)
ζ.
We see that S−1 is not of the form (2.7), and also that δ−1 acts non-trivially on the bosonic
field A0, as well as Ψ−. However, observe that
δ−1A0( · ) − i
2
δ0
[
Z, Z¯, · ] = 0 . (4.15)
Thus, following the discussion in section (2.2), we consider the following field redefiniton:
A0 → Aˆ0 = A0 + 1
η
i
2
[
Z, Z¯, · ] . (4.16)
We can now calculate how both the action and the supersymmetry field transformations are
changed. As described in section 2.2, we find corrections to S−1 arising from terms linear in Aˆ0
in S0, as well as from terms quadratic in Aˆ0 in S1. Similarly, S0 is corrected by terms linear in
Aˆ0 in S1.
The resulting shift of the action is
S−1 → S−1 +
∫
d3x
(
− 〈Z¯, Fzz¯(Z)〉− 18 〈[XA, Z, Z¯] , [XA, Z, Z¯]〉− 14 〈Ψ¯+,Γ0 [Z, Z¯,Ψ+]〉 )
S0 → S0 +
∫
d3x
(
− i2
〈
D0X
A,
[
XA, Z, Z¯
]〉− 14 〈Ψ¯−,Γ0 [Z, Z¯,Ψ−]〉 ) , (4.17)
while the supersymmetry transformations are shifted by
δ−1Ψ− → δ−1Ψ− − i2
[
XA, Z, Z¯
]
ΓAΓ0
(
1− z∂ − z¯∂¯) ǫ+
δ−1A0( · )→ δ−1A0( · ) + ǫ¯+ΓZ [Z,Ψ+, · ]− ǫ¯+ΓZ¯
[
Z¯,Ψ+, ·
]
δ0Ψ+ → δ0Ψ+ − i2
[
XA, Z, Z¯
]
ΓAΓ0ǫ−
δ0Ψ− → δ0Ψ− − i2
[
XA, Z, Z¯
]
ΓAΓ0
(
z∂ + z¯∂¯
)
ǫ+
δ0A0( · )→ δ0A0( · ) + ǫ¯−ΓZ [Z,Ψ−, · ]− ǫ¯−ΓZ¯
[
Z¯,Ψ−, ·
]
. (4.18)
In particular we find that
S−1 =
∫
d3x
(−2 〈D¯Z,DZ¯〉) , (4.19)
and
δ−1Ψ− = 2
(
D¯Z
)
ΓzΓZ
(
1− z¯∂¯) ǫ+ + 2 (DZ¯)Γz¯ΓZ¯ (1− z∂) ǫ+ , (4.20)
with δ−1 vanishing on all other fields.
The theory is now in the correct form to proceed. We introduce Lagrange multiplier field H,
in the same representation of G as Z, and imposing the condition D¯Z = 0. The end result is that
in the η → 0 limit, the theory is described by the action
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S˜ =
∫
d3x
(
1
2
〈
D0Z,D0Z¯
〉− 2 〈DXA, D¯XA〉+ 〈H, D¯Z〉+ 〈H¯,DZ¯〉
− 1
4
〈[
XA,XB , Z
]
,
[
XA,XB , Z¯
]〉− i
2
〈
D0X
A,
[
XA, Z, Z¯
]〉− i
2
〈
Ψ¯+,Γ0D0Ψ+
〉
+ 2i
〈
Ψ¯+,
(
ΓzD¯ + Γz¯D
)
Ψ−
〉− 1
2
〈
Ψ¯−,Γ0
[
Z, Z¯,Ψ−
]〉
+ i
〈
Ψ¯+,Γ
AΓZ
[
XA, Z,Ψ−
]〉
+ i
〈
Ψ¯+,Γ
AΓZ¯
[
XA, Z¯,Ψ−
]〉
+
i
4
〈
Ψ¯+,Γ
AB
[
XA,XB ,Ψ+
]〉
+ i
(
(A0, Fzz¯) + (Az¯, F0z) + (Az, Fz¯0) + (A0, [Az, Az¯])
))
, (4.21)
which is invariant under
δ˜Z = 2i ((1− z∂) ǫ¯+) ΓZ¯Ψ+
δ˜Z¯ = 2i
((
1− z¯∂¯) ǫ¯+)ΓZΨ+
δ˜XA = i
((
1− z∂ − z¯∂¯) ǫ¯+)ΓAΨ− + iǫ¯−ΓAΨ+
δ˜Ψ+ = − (D0Z) Γ0ΓZ
(
1− z¯∂¯) ǫ+ − (D0Z¯)Γ0ΓZ¯ (1− z∂) ǫ+ + 2 (DZ)Γz¯ΓZǫ−
+ 2
(
D¯Z¯
)
ΓzΓZ¯ǫ− + 2
(
DXA
)
Γz¯Γ
A (1− z∂) ǫ+ + 2
(
D¯XA
)
ΓzΓ
A
(
1− z¯∂¯) ǫ+
− 12
[
XA,XB , Z
]
ΓABΓZ
(
1− z¯∂¯) ǫ+ − 12 [XA,XB , Z¯]ΓABΓZ¯ (1− z∂) ǫ+
− i [XA, Z, Z¯]ΓAΓ0ǫ− + 23ZΓz¯ΓZ∂ǫ− + 23 Z¯ΓzΓZ¯ ∂¯ǫ−
+ 13ZΓZΓ0∂0ǫ+ +
1
3 Z¯ΓZ¯Γ0∂−ǫ+
δ˜Ψ− = −
(
D0X
A
)
Γ0Γ
A
(
1− z∂ − z¯∂¯) ǫ+ + 2 (DXA)Γz¯ΓAǫ− + 2 (D¯XA)ΓzΓAǫ−
− (D0Z) Γ0ΓZǫ− −
(
D0Z¯
)
Γ0ΓZ¯ǫ− − 16
[
XA,XB ,XC
]
ΓABC
(
1− z∂ − z¯∂¯) ǫ+
− 12
[
XA,XB , Z
]
ΓABΓZǫ− − 12
[
XA,XB , Z¯
]
ΓABΓZ¯ǫ− + 2z¯
(
D¯Z
)
ΓzΓZ ∂¯ǫ+
+ 2z
(
DZ¯
)
Γz¯ΓZ¯∂ǫ+ +
2
3ZΓzΓZ ∂¯ǫ+ +
2
3 Z¯Γz¯ΓZ¯∂ǫ+ +
1
3ZΓZΓ0∂0ǫ−
+ 13 Z¯ΓZ¯Γ0∂0ǫ− − 23XAΓAΓz¯∂ǫ− − 23XAΓAΓz∂¯ǫ− + 13XAΓAΓ0∂0ǫ+
−HΓz¯ΓZ¯ (1− z∂) ǫ+ − H¯ΓzΓZ
(
1− z¯∂¯) ǫ+
δ˜A0( · ) = 2ǫ¯−ΓZ [Z,Ψ−, · ]− 2ǫ¯−ΓZ¯
[
Z¯,Ψ−, ·
]
+ i
((
1− z∂ − z¯∂¯) ǫ¯+)Γ0ΓA [XA,Ψ−, · ]+ iǫ¯−Γ0ΓA [XA,Ψ+, · ]
δ˜Az( · ) = i
((
1− z¯∂¯) ǫ¯+)ΓzΓZ [Z,Ψ−, · ] + iǫ¯−ΓzΓZ¯ [Z¯,Ψ+, · ]
+ i
((
1− z¯∂¯) ǫ¯+)ΓzΓA [XA,Ψ+, · ]
δ˜Az¯( · ) = iǫ¯−Γz¯ΓZ [Z,Ψ+, · ] + i ((1− z∂) ǫ¯+) Γz¯ΓZ¯
[
Z¯,Ψ−, ·
]
+ i ((1− z∂) ǫ¯+) Γz¯ΓA
[
XA,Ψ+, ·
]
δ˜H = −2 ((1− z¯∂¯) ǫ¯+)ΓzΓZD0Ψ− − i ((1− z¯∂¯) ǫ¯+)ΓzΓZΓAB [XA,XB ,Ψ−]
− 4iǫ¯−ΓZDΨ− − 4i (∂ǫ¯−) ΓZΨ− − 4iz¯
(
∂¯ǫ¯+
)
ΓZDΨ+ − 2iǫ¯−ΓzΓA
[
XA, Z¯,Ψ−
]
− 2iz¯ (∂¯ǫ¯+)ΓzΓZ [Z, Z¯,Ψ−]− 2iz¯ (∂¯ǫ¯+)ΓzΓA [XA, Z¯,Ψ+] , (4.22)
where
ǫ = ξ + xµΓµζ = ξ +
(
x0Γ0 + zΓz + z¯Γz¯
)
ζ . (4.23)
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For ζ = 0, we recover the rigid supersymmetry of S as found in [19]. However, in this more
general construction, we see that all 32 supersymmetries of the original N = 8 theory survive in
the limiting theory. As discussed in [23] the dynamics is restricted to a three-algebra variation of
the Hitchin system for SU(2) gauge group.
4.2 N = 6
It is a natural question whether we can obtain similar results when applying an analogous scaling
to the ABJM/ABJ theory [29, 30]. This is a U(N) × U(M) Chern-Simons-matter theory with
action
S = tr
∫
d3x
(
− (DµZI) (DµZI)− 8π2
3k2
ΥKLJ Υ
J
KL
+
k
4π
ǫµνλ
((
ALµ∂νA
L
λ −
2i
3
ALµA
L
νA
L
λ
)
−
(
ARµ ∂νA
R
λ −
2i
3
ARµA
R
ν A
R
λ
))
− iΨ¯IγµDµΨI − 2πi
k
Ψ¯I [ΨI , Z
J ;ZJ ] +
4πi
k
Ψ¯I [ΨJ , Z
J ;ZI ]
+
πi
k
εIJKLΨ¯
I [ZK , ZL; ΨJ ]− πi
k
εIJKLΨ¯I [ZK , ZL,ΨJ ]
)
, (4.24)
where we have used the conventions of [31]. In particular, we have
[ZI , ZJ ;ZK ] = Z
IZKZ
J − ZJZKZI
ΥKLJ = [Z
K , ZL;ZJ ]− 12δKJ [ZE, ZL;ZE ] + 12δLJ [ZE, ZK , ZE ] . (4.25)
The matter fields here are N ×M complex matrices, while ALm is a hermitian N × N matrix,
and ARm a hermitian M ×M matrix. Hermitian conjugation acts to raise/lower the R-symmetry
index I = 1, 2, 3, 4. The fields ZI and ψI transform in the (N,M¯) of the U(N)L×U(M)R gauge
symmetry, and so we have
DµZ
I = ∂µZ
I − iALµZI + iZIARµ , (4.26)
and similarly for ψI . Finally, we choose conventions in which ǫ
012 = −1, and a representation for
the 3d Clifford algebra is chosen such that the γm, µ = 0, 1, 2 are real 2 × 2 matrices satisfying
γ0γ1γ2 = 1.
The theory possesses 12 supercharges corresponding to N = 6 rigid supersymmetry, and an
additional 12 corresponding to superconformal symmetry. In particular, we find δS = 0 where
δZI = iǫ¯IJψJ
δALµ =
2pi
k
(
ǫ¯IJγµΨIZJ − ǫ¯IJγµZJΨI
)
δARµ =
2pi
k
(
ǫ¯IJγµZJΨI − ǫ¯IJγµΨIZJ
)
δΨJ = DµZ
IγµǫIJ +
2pi
k Υ
KL
J ǫKL +
1
3Z
Jγµ∂µǫIJ , (4.27)
where the supersymmetry parameter ǫIJ takes the form ǫIJ = ξIJ+x
µγµζIJ for constant ξIJ , ζIJ .
What’s more, ǫIJ is anti-symmetric in its R-symmetry indices, and satisfies the reality condition
ǫIJ = 12ε
IJKLǫKL, which automatically ensures that ξIJ and ζIJ satisfy the same condition.
Next, we seek a scaling analogous to that performed on the N = 8 theory. In particular,
we single out Z1, and look for a scaling which, in the η → 0 limit, will localise onto the static
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1
2 -BPS state D¯Z
1 = 0, where we have once again defined the worldvolume complex coordinate
z = x1 + ix2, and D ≡ Dz. Further, we split spinors into definite chirality under iγ0, so that
Ψ±I := P±ΨI and ǫ
±
IJ := P±ǫIJ . Then, upon comparing the form of δ to that of the N = 8
theory, we find that Ψ−1 and Ψ
+
A play a role analogous to that of Ψ+ in the N = 8 theory, while
Ψ+1 and Ψ
−
A are analogous to Ψ−, where here A = 2, 3, 4. We find similar correspondences for the
constant components of ǫIJ , giving us the full scalings:
x0 → η−1x0 ξ+1A, ξ−AB → η−1/2ξ+1A, ξ−AB
z, z¯ → η−1/2z, z¯ ξ−1A, ξ+AB → ξ−1A, ξ+AB
Z1 → Z1 ζ+1A, ζ−AB → η1/2ζ+1A, ζ−AB
ZA → η1/2ZA ζ−1A, ζ+AB → η ζ−1A, ζ+AB
Ψ−1 ,Ψ
+
A → η1/2Ψ−1 ,Ψ+A
Ψ+1 ,Ψ
−
A → ηΨ+1 ,Ψ−A . (4.28)
Having performed this scaling, the action takes the form S = η−1S−1 + S0 + ηS1, with
S−1 = tr
∫
d3x
(
− 2 (DZ1) (D¯Z1)− 2 (D¯Z1) (DZ1) + 4pi2k2 [Z1, ZA;Z1] [Z1, ZA;Z1]
− 2piik
(
Ψ¯A,+
[
Ψ+A, Z
1;Z1
]− Ψ¯1,− [Ψ−1 , Z1;Z1])
S0 = tr
∫
d3x
((
D0Z
1
)
(D0Z1)− 2
(
DZA
) (
D¯ZA
)− 2 (D¯ZA) (DZA)
+ 4pi
2
3k2
(
− [ZA, Z1;ZA] [ZB , Z1;ZB]+ 4 [ZA, Z1;ZB] [ZA, Z1;ZB]− [Z1, ZA;Z1] [ZB , ZA;ZB]
+ 2
[
ZA, ZB;Z1
] [
ZA, ZB ;Z
1
]− [Z1, ZA;Z1] [ZB, ZA;ZB] )
+ ki2pi
( (
AL0 F
L
zz¯ +A
L
z¯ F
L
0z +A
L
z F
L
z¯0 + iA
L
0
[
ALz , A
L
z¯
])− (AR0 FRzz¯ +ARz¯ FR0z +ARz FRz¯0 + iAR0 [ARz , ARz¯ ]) )
+ Ψ¯1,−D0Ψ−1 − 2iΨ¯1,+γz¯DΨ−1 − 2iΨ¯1,−γzD¯Ψ+1 − Ψ¯A,+D0Ψ+A − 2iΨ¯A,+γz¯DΨ−A − 2iΨ¯A,−γzD¯Ψ+A
+ 2piik
(
Ψ¯1,+
[
Ψ+1 , Z
1;Z1
]− Ψ¯1,− [Ψ−1 , ZA;ZA]− Ψ¯A,− [Ψ−A, Z1;Z1]
− Ψ¯A,+ [Ψ+A, ZB;ZB]+ 2Ψ¯1,+ [Ψ+A, ZA;Z1]+ 2Ψ¯1,− [Ψ−A, ZA;Z1]
+ 2Ψ¯A,+
[
Ψ+1 , Z
1;ZA
]
+ 2Ψ¯A,−
[
Ψ−1 , Z
1;ZA
]
+ 2Ψ¯A,+
[
Ψ+B, Z
B ;ZA
] )
+ 4piik
(
εABCΨ¯
A,+
[
ZB, Z1; ΨC,−
]− εABCΨ¯+A [ZB , Z1; Ψ−C])
)
S1 = tr
∫
d3x
((
D0Z
A
)
(D0ZA)− Ψ¯1,+D0Ψ+1 + Ψ¯A,−D0Ψ−A
+ 4pi
2
3k2
(
2
[
ZB , ZC ;ZA
] [
ZB , ZC ;Z
A
]− [ZB, ZA;ZB] [ZC , ZA;ZC])
− 2piik
(
Ψ¯1,+
[
Ψ+1 , Z
A;ZA
]
+ Ψ¯A,−
[
Ψ−A, Z
B ;ZB
]))
. (4.29)
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This satisfies δS = 0, with δ = η−1δ−1 + δ0 + ηδ1, with
δ−1Ψ+1 =
2pi
k
[
Z1, ZA;Z1
] (
1− z¯∂¯) ǫ+1A (4.30)
δ−1Ψ−A = 2
(
D¯Z1
)
γz
(
1− z¯∂¯) ǫ+1A − 2pik [Z1, ZB ;Z1] (1− z∂) ǫ−AB
δ−1AL0 =
2pii
k
(− ((1− z∂) ǫ¯1A,+)Ψ+AZ1 − ((1− z¯∂¯) ǫ¯+1A)Z1ΨA,+)
δ0Z
1 = i
(
(1− z∂) ǫ¯1A,+)Ψ+A (4.31)
δ0Z
A = −i ((1− z∂) ǫ¯1A,+)Ψ+1 − iǫ¯1A,−Ψ−1 + iǫ¯AB,+Ψ+B + i ((1− z¯∂¯) ǫ¯AB,−)Ψ−B
δ0Ψ
+
1 = i
(
D0Z
A
) (
1− z¯∂¯) ǫ+1A − 2 (DZA) γz¯ǫ−1A + i3ZA∂0ǫ+1A − 23ZAγz¯∂ǫ−1A
+ 2pik
([
ZA, ZB;Z1
]
ǫ+AB −
[
ZB, ZA;ZB
] (
1− z¯∂¯) ǫ+1A + z¯ [Z1, ZA;Z1] ∂¯ǫ+1A)
δ0Ψ
−
1 = −2
(
D¯ZA
)
γz
(
1− z¯∂¯) ǫ+1A + 2pik ([ZA, ZB ;Z1] (1− z∂) ǫ−AB + [Z1, ZA;Z1] ǫ−1A)
δ0Ψ
+
A = −i
(
D0Z
1
) (
1− z¯∂¯) ǫ+1A + 2 (DZ1) γz¯ǫ−1A − 2 (DZB) γz¯ (1− z∂) ǫ−AB
+ 2pik
([
ZB, Z1;ZB
] (
1− z¯∂¯) ǫ+1A − 2 [ZB, Z1;ZA] (1− z¯∂¯) ǫ+1B − [Z1, ZB;Z1] ǫ+AB)
− i3Z1∂0ǫ+1A + 23Z1γz¯∂ǫ−1A
δ0Ψ
−
A = i
(
D0Z
1
)
ǫ−1A − i
(
D0Z
B
)
(1− z∂) ǫ−AB − 2
(
D¯ZB
)
γzǫ
+
AB
+ 2pik
( [
ZB, ZC ;ZA
]
(1− z∂) ǫ−BC − 2
[
ZB, Z1;ZA
]
ǫ−1B +
[
ZB, Z1;ZB
]
ǫ−1A
− [Z1, ZB ;Z1] (1− z∂) ǫ−AB − z [Z1, ZB ;Z1] ∂ǫ−AB)
+ i3Z
1∂0ǫ
−
1A − i3ZB∂0ǫ−AB − 23ZBγz∂¯ǫ+AB + 2z¯
(
D¯Z1
)
γz∂¯ǫ
+
1A +
2
3Z
1γz∂¯ǫ
+
1A
δ0A
L
0 =
2pii
k
( (
(1− z∂) ǫ¯1A,+)Ψ+1 ZA − ǫ¯1A,−Ψ−1 ZA + ǫ¯1A,−Ψ−AZ1 + ǫ¯AB,+Ψ+AZB
− ((1− z¯∂¯) ǫ¯AB,−)Ψ−AZB + ((1− z¯∂¯) ǫ¯+1A)ZAΨ1,+ − ǫ¯−1AZAΨ1,− + ǫ¯−1AZ1ΨA,−
+ ǫ¯+ABZ
BΨA,+ − ((1− z∂) ǫ¯−AB)ZBΨA,− − z (∂ǫ¯1A,+)Ψ+AZ1 − z¯ (∂¯ǫ¯+1A)Z1ΨA,+)
δ0A
L
z =
2pi
k
(−ǫ¯1A,−γzΨ+AZ1 + ((1− z¯∂¯) ǫ¯AB,−) γzΨ+AZB + ((1− z¯∂¯) ǫ¯+1A) γz (Z1ΨA,− − ZAΨ1,−))
δ0A
L
z¯ =
2pi
k
(
ǫ¯−1Aγz¯Z
1ΨA,+ − ((1− z∂) ǫ¯−AB) γz¯ZBΨA,+ − ((1− z∂) ǫ¯1A,+) γz¯ (Ψ−AZ1 −Ψ−1 ZA))
δ1Z
1 = iǫ¯1A,−Ψ−A + iz
(
∂ǫ¯1A,+
)
Ψ+A (4.32)
δ1Z
A = −iz (∂ǫ¯1A,+)Ψ+1 + iz¯ (∂¯ǫ¯AB,−)Ψ−B
δ1Ψ
+
1 = iz¯
(
D0Z
A
)
∂¯ǫ+1A − 2pik z¯
[
ZB, ZA;ZB
]
∂¯ǫ+1A
δ1Ψ
−
1 = −i
(
D0Z
A
)
ǫ−1A +
2pi
k
(− [ZB , ZA;ZB] ǫ−1A + z [ZA, ZB ;Z1] ∂ǫ−AB)− i3ZA∂0ǫ−1A
− 2z¯ (D¯ZA) γz∂¯ǫ+1A − 23ZAγz∂¯ǫ+1A
δ1Ψ
+
A = i
(
D0Z
B
)
ǫ+AB +
2pi
k
([
ZB, ZC ;ZA
]
ǫ+BC + z¯
[
ZB , Z1;ZB
]
∂¯ǫ+1A − 2z
[
ZB, Z1;ZA
]
∂¯ǫ+1B
)
+ i3Z
B∂0ǫ
+
AB − iz¯
(
D0Z
1
)
∂¯ǫ+1A − 23ZBγz¯∂ǫ−AB
δ1Ψ
−
A =
2pi
k z
([
ZB, ZC ;ZA
]
∂ǫ−BC −
[
Z1, ZB ;Z1
]
∂ǫ−AB
)− iz (D0ZB)∂ǫ−AB
δ1A
L
0 =
2pii
k
(
z
(
∂ǫ¯1A,+
)
Ψ+1 ZA − z¯
(
∂¯ǫ¯AB,−
)
Ψ−AZB + z¯
(
∂¯ǫ¯+1A
)
ZAΨ1,+ − z (∂ǫ¯−AB)ZBΨA,−)
δ1A
L
z =
2pi
k
(
ǫ¯1A,−γzΨ+1 ZA − ǫ¯+ABγzZBΨA,− + z¯
(
∂¯ǫ¯AB,−
)
γzΨ
+
AZB
+ z¯
(
∂¯ǫ¯+1A
)
γz
(
Z1ΨA,− − ZAΨ1,−) )
δ1A
L
z¯ =
2pi
k
(− ǫ¯−1Aγz¯ZAΨ1,+ + ǫ¯AB,+γz¯Ψ−AZB − z (∂ǫ¯−AB) γz¯ZBΨA,+
− z (∂ǫ¯1A,+) γz¯ (Ψ−AZ1 −Ψ−1 ZA) ) , (4.33)
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where one obtains δARm by swapping the order of all fields in the expressions for δA
L
m. Here, ǫIJ
is once again of the form
ǫIJ = ξIJ + x
µγµζIJ = ξIJ +
(
x0γ0 + zγz + z¯γz¯
)
ζIJ . (4.34)
As in the N = 8 case, we see that neither S−1 or δ−1 are in the simple form required to directly
find the limiting theory. However, we note that
δ−1AL0 +
2π
k
δ0
(
Z1Z1
)
= 0, δ−1AR0 +
2π
k
δ0
(
Z1Z
1
)
= 0 , (4.35)
Thus, we consider the field redefiniton
AL0 → AˆL0 = AL0 −
1
η
2π
k
Z1Z1, A
R
0 → AˆR0 = AR0 −
1
η
2π
k
Z1Z
1 . (4.36)
The shift to the action is then
S−1 → S−1 + tr
∫
d3x
(
− 2iZ1Z1FLzz¯ + 2iZ1Z1FRzz¯ − 4pi
2
k2
[
Z1, ZA;Z1
] [
Z1, ZA;Z
1
]
+ 2piik
(
Ψ¯A,+
[
Ψ+A, Z
1;Z1
]− Ψ¯1,− [Ψ−1 , Z1;Z1]) )
S0 → S0 + tr
∫
d3x
(
− 2piik
(
(D0ZA)
[
ZA, Z1;Z1
]
+
(
D0Z
A
) [
ZA, Z1;Z
1
])
+ 2piik
(
Ψ¯1,+
[
Ψ+1 , Z
1;Z1
]− Ψ¯A,− [Ψ−A, Z1;Z1]) ) , (4.37)
while the supersymmetry transformations are shifted by
δ−1Ψ+1 → δ−1Ψ+1 − 2pik
[
Z1, ZA;Z1
] (
1− z¯∂¯) ǫ+1A
δ−1Ψ−A → δ−1Ψ−A + 2pik
[
Z1, ZB ;Z1
]
(1− z∂) ǫ−AB
δ−1AL0 → AL0 + 2piik
((
(1− z∂) ǫ¯1A,+)Ψ+AZ1 + ((1− z¯∂¯) ǫ¯+1A)Z1ΨA,+)
δ0Ψ
+
1 → δ0Ψ+1 − 2pik z¯
[
Z1, ZA;Z1
]
∂¯ǫ+1A
δ0Ψ
−
1 → δ0Ψ−1 + 2pik
[
Z1, ZA;Z1
]
ǫ−1A
δ0Ψ
+
A → δ0Ψ+A − 2pik
[
Z1, ZB ;Z1
]
ǫ+AB
δ0Ψ
−
A → δ0Ψ−A + 2pik z
[
Z1, ZB;Z1
]
∂ǫ−AB
δ0A
L
0 → δ0AL0 + 2piik
(
ǫ¯1A,−Ψ−AZ1 + ǫ¯
−
1AZ
1ΨA,− + z
(
∂ǫ¯1A,+
)
Ψ+AZ1 + z¯
(
∂¯ǫ¯+1A
)
Z1ΨA,+
)
,
(4.38)
where again the shift to δAR0 can be determined from that of δA
L
0 by simply swapping all pairs
of fields. In particular, we now have that
S−1 = tr
∫
d3x
(
− 4 (D¯Z1) (DZ1)), δ−1Ψ−A = 2 (D¯Z1) γz (1− z¯∂¯) ǫ+1A , (4.39)
with δ−1 = 0 on all other fields. This is now in the correct form to proceed. The end result is
that in the η → 0 limit, the theory is described by the action
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S˜ = tr
∫
d3x
((
D0Z
1
)
(D0Z1)− 2
(
DZA
) (
D¯ZA
)− 2 (D¯ZA) (DZA) +H (DZ1) + H¯ (D¯Z1)
− 2piik
(
(D0ZA)
[
ZA, Z1;Z1
]
+
(
D0Z
A
) [
ZA, Z1;Z
1
])
+ 4pi
2
3k2
(
− [ZA, Z1;ZA] [ZB , Z1;ZB]+ 4 [ZA, Z1;ZB] [ZA, Z1;ZB]− [Z1, ZA;Z1] [ZB , ZA;ZB]
+ 2
[
ZA, ZB;Z1
] [
ZA, ZB ;Z
1
]− [Z1, ZA;Z1] [ZB, ZA;ZB] )
+ ki2pi
( (
AL0F
L
zz¯ +A
L
z¯ F
L
0z +A
L
z F
L
z¯0 + iA
L
0
[
ALz , A
L
z¯
])− (AR0 FRzz¯ +ARz¯ FR0z +ARz FRz¯0 + iAR0 [ARz , ARz¯ ]) )
+ Ψ¯1,−D0Ψ−1 − 2iΨ¯1,+γz¯DΨ−1 − 2iΨ¯1,−γzD¯Ψ+1 − Ψ¯A,+D0Ψ+A − 2iΨ¯A,+γz¯DΨ−A − 2iΨ¯A,−γzD¯Ψ+A
+ 2piik
(
Ψ¯1,+
[
Ψ+1 , Z
1;Z1
]− Ψ¯1,− [Ψ−1 , ZA;ZA]− Ψ¯A,− [Ψ−A, Z1;Z1]
− Ψ¯A,+ [Ψ+A, ZB;ZB]+ 2Ψ¯1,+ [Ψ+A, ZA;Z1]+ 2Ψ¯1,− [Ψ−A, ZA;Z1]
+ 2Ψ¯A,+
[
Ψ+1 , Z
1;ZA
]
+ 2Ψ¯A,−
[
Ψ−1 , Z
1;ZA
]
+ 2Ψ¯A,+
[
Ψ+B, Z
B ;ZA
] )
+ 4pik
(
εABCΨ¯
A,+
[
ZB, Z1; ΨC,−
]− εABCΨ¯+A [ZB , Z1; Ψ−C])
)
, (4.40)
which preserves the full 24 supersymmetries of the original N = 6 theory. In particular, we have
δ˜S˜ = 0, with
δ˜Z1 = i
(
(1− z∂) ǫ¯1A,+)Ψ+A
δ˜ZA = −i ((1− z∂) ǫ¯1A,+)Ψ+1 − iǫ¯1A,−Ψ−1 + iǫ¯AB,+Ψ+B + i ((1− z¯∂¯) ǫ¯AB,−)Ψ−B
δ˜Ψ+1 = i
(
D0Z
A
) (
1− z¯∂¯) ǫ+1A − 2 (DZA) γz¯ǫ−1A + i3ZA∂0ǫ+1A − 23ZAγz¯∂ǫ−1A
+ 2pik
([
ZA, ZB;Z1
]
ǫ+AB −
[
ZB, ZA;ZB
] (
1− z¯∂¯) ǫ+1A)
δ˜Ψ−1 = −2
(
D¯ZA
)
γz
(
1− z¯∂¯) ǫ+1A + 2pik ([ZA, ZB ;Z1] (1− z∂) ǫ−AB + 2 [Z1, ZA;Z1] ǫ−1A)
δ˜Ψ+A = −i
(
D0Z
1
) (
1− z¯∂¯) ǫ+1A + 2 (DZ1) γz¯ǫ−1A − 2 (DZB) γz¯ (1− z∂) ǫ−AB
+ 2pik
([
ZB, Z1;ZB
] (
1− z¯∂¯) ǫ+1A − 2 [ZB, Z1;ZA] (1− z¯∂¯) ǫ+1B − 2 [Z1, ZB ;Z1] ǫ+AB)
− i3Z1∂0ǫ+1A + 23Z1γz¯∂ǫ−1A
δ˜Ψ−A = i
(
D0Z
1
)
ǫ−1A − i
(
D0Z
B
)
(1− z∂) ǫ−AB − 2
(
D¯ZB
)
γzǫ
+
AB +
2pi
k
( [
ZB, ZC ;ZA
]
(1− z∂) ǫ−BC
− 2 [ZB, Z1;ZA] ǫ−1B + [ZB, Z1;ZB] ǫ−1A − [Z1, ZB;Z1] (1− z∂) ǫ−AB)+ i3Z1∂0ǫ−1A
− i3ZB∂0ǫ−AB − 23ZBγz∂¯ǫ+AB + 2z¯
(
D¯Z1
)
γz∂¯ǫ
+
1A +
2
3Z
1γz∂¯ǫ
+
1A − 12Hγz
(
1− z¯∂¯) ǫ+1A
δ˜AL0 =
2pii
k
( (
(1− z∂) ǫ¯1A,+)Ψ+1 ZA − ǫ¯1A,−Ψ−1 ZA + 2ǫ¯1A,−Ψ−AZ1 + ǫ¯AB,+Ψ+AZB
− ((1− z¯∂¯) ǫ¯AB,−)Ψ−AZB + ((1− z¯∂¯) ǫ¯+1A)ZAΨ1,+ − ǫ¯−1AZAΨ1,− + 2ǫ¯−1AZ1ΨA,−
+ ǫ¯+ABZ
BΨA,+ − ((1− z∂) ǫ¯−AB)ZBΨA,−)
δ˜ALz =
2pi
k
(−ǫ¯1A,−γzΨ+AZ1 + ((1− z¯∂¯) ǫ¯AB,−) γzΨ+AZB + ((1− z¯∂¯) ǫ¯+1A) γz (Z1ΨA,− − ZAΨ1,−))
δ˜ALz¯ =
2pi
k
(
ǫ¯−1Aγz¯Z
1ΨA,+ − ((1− z∂) ǫ¯−AB) γz¯ZBΨA,+ − ((1− z∂) ǫ¯1A,+) γz¯ (Ψ−AZ1 −Ψ−1 ZA))
δ˜H = −2 ((1− z∂) ǫ¯1A,+) γz¯ (D0Ψ−A − 2piik [Ψ−A, ZB ;ZB])− 4i (∂ǫ¯1A,−)Ψ−A − 4iǫ¯1A,−D¯Ψ−A
− 4iz (∂ǫ¯1A,+) D¯Ψ+A + 8piik (ǫ¯AB,+γz¯ [Ψ−A, Z1;ZB]− ǫ¯−1Aγz¯ [ZA, Z1; Ψ1,+]
− z (∂ǫ¯−AB) γz¯ [ZB, Z1; ΨA,+]− z (∂ǫ¯1A,+) γz¯ ([Ψ−A, Z1;Z1]− [Ψ−1 , Z1;ZA]) ) , (4.41)
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where once again, δ˜ARµ is obtained from δ˜A
L
µ by swapping the order of all pairs of fields, and ǫIJ
is given by
ǫIJ = ξIJ + x
µγµζIJ = ξIJ +
(
x0γ0 + zγz + z¯γz¯
)
ζIJ , (4.42)
with ξIJ , ζIJ , and hence ǫIJ satisfying the reality condition ǫ
IJ = 12ε
IJKLǫKL. We have introduced
the N ×M complex matrix H transforming in the (N,M¯) of U(N)L × U(M)R, which acts a a
Lagrange multiplier imposing D¯Z1 = 0. Its Hermitian conjugate, transforming in the
(
N¯,M
)
, is
denoted H¯.
As with the N = 8 case above there are two constraints. The first comes from integrating
out H¯ which simply implies
D¯Z1 = 0 . (4.43)
However there is also the Gauss law constraint that comes from integrating out A
L/R
0 :
FLzz¯ =
2π2i
k2
(ZA[ZA, Z1;Z
1]− [ZA, Z1;Z1]ZA)
FRzz¯ = −
2π2i
k2
([ZA, Z1;Z
1]ZA − ZA[ZA, Z1;Z1]) , (4.44)
where for simplicity we have set the fermions to zero and assumed static configurations with
D0Z
1 = 0. These are a bi-fundamental version of the Hitchin equation.
5 Conclusion
In this paper we presented a general procedure where we induce a non-Lorentzian rescaling
of a field theory and take the limit where the scale parameter vanishes. The resulting action
has a divergent term but we showed that it can be removed and replaced with a Lagrange
multiplier term in such a way that supersymmetry is preserved. The new action also has a
Lifshitz scaling symmetry. The dynamics are then restricted to the zeros of divergent term so
that the Manton approximation of slow motion on a moduli space becomes exact, in a manner
reminiscent of localization calculations. We provided explicit example of this procedure maximally
supersymmetric Yang-Mills, leading to a five-dimensional theory with 16 supersymmetries and 8
superconformal symmetries, and maximally supersymmetric Chern-Simons-matter theory leading
to a three-dimensional theory with 32 super(conformal) symmetries, as first constructed in [19].
We also extended the analysis to ABJM/ABJ models with 24 super(conformal) symmetries.
It would be interesting to consider further example such as theories with less supersymmetry
but more varied matter content. In addition there appears to be a natural interpretation of this
construction within an AdS/CFT context for M5-branes [32]. We hope to report on these issues
in due course.
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Appendix: Scaling from the point of view of the M5-brane
In this appendix, we motivate the scaling of five-dimensional maximally supersymmetric Yang-
Mills as described in section 3 from the perspective of the M5-brane. In particular, we argue
that this scaling arises naturally by considering the action on multiple coincident M5-branes in
a Lorentz-boosted frame that is almost null, with boost parameter β ≈ 1 − 14η2. As discussed
in [24], the limiting theory obtained in section 3 reduces to quantum mechanics on instanton
moduli space. Thus in this limit we reproduce the DLCQ description of M5-branes [21,22].
The set-up is as follows (see also [33]). Consider (10+1) Minkowski spacetime with coordinates
{xM}, M = 0, 1, . . . , 10. Let x5 be the coordinate on the M-Theory circle, with
x5 ≡ x5 + 2πηR , (5.1)
for a dimensionless parameter η. Suppose there are a stack of N coincident M5-branes spanning
{x0, . . . , x5}. In the limit that η is small, these branes are described by the action on N co-
incident D4-branes spanning {x0, . . . , x4} - namely five-dimensional maximally supersymmetric
Yang-Mills. Letting Σ be the submanifold of spacetime defined by x5, x6, . . . , x10 = 0, we have
the action
S =
1
g2
tr
∫
Σ
d5x
(
− 1
4
FµνF
µν − 1
2
(
DµX
I
) (
DµXI
)
+
i
2
Ψ¯ΓµDµΨ
−1
2
Ψ¯Γ5Γ
I
[
XI ,Ψ
]
+
1
4
[
XI ,XJ
] [
XI ,XJ
] )
, (5.2)
where µ = 0, . . . , 4 and I = 6, . . . , 10. Here, the XI and their superpartners Ψ are N × N real
matrices. The spinors are 32-component spinors of the ambient eleven-dimensional spacetime,
satisfying Γ012345Ψ = −Ψ. Finally, we have DµXI = ∂µXI − i
[
Aµ,X
I
]
, and similarly for Ψ. The
coupling g is related to the M-theory radius by
g2 = 4π2ηR = 2π × (2πηR) . (5.3)
This action is invariant under the supersymmetries (3.2). We now choose a different set of
coordinates for the eleven-dimensional spacetime, and determine the form of S with respect to
them. In particular, consider the Lorentz-equivalent choice of coordinates given by(
x˜0
x˜5
)
=
1√
1− β2
(
x0 − βx5
x5 − βx0
)
, β =
1− 12η2
1 + 12η
2
, (5.4)
with x˜M = xM for M 6= 0, 5. The usual lightcone coordinates in this new basis are
x˜+ = 1√
2
(
x˜0 + x˜5
)
= η2
(
x0 + x5
)
x˜− = 1√
2
(
x˜0 − x˜5) = 1η (x0 − x5) , (5.5)
and hence the identification (5.1) appears as(
x˜+
x˜−
)
≡
(
x˜+
x˜−
)
+
(
πη2R
−2πR
)
. (5.6)
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Finally, we make the further shift to the coordinates, given by
xˆ+ = x˜+ + 12η
2x˜−
(
= ηx0
)
xˆ− = x˜− , (5.7)
again with xˆM = xM for allM 6= 0, 5. Thus, xˆ− has period 2πR, while xˆ+ is non-compact. In this
basis, the eleven-dimensional Minkowski metric is ds2 = −dxˆ+dxˆ−+η2 (dxˆ−)2+dxˆidxˆi+dxˆIdxˆI ,
and so in the η → 0 limit xˆ± are true lightcone coordinates.
Finally, we write S in terms of these new coordinates {xˆM}. This is a non-trivial calculation,
since the xˆM are not Lorentz-equivalent to our original xM . In particular, we write S in a
generally covariant form in terms of the pullbacks of tensor fields defined in a neighbourhood of
Σ, while the inclusion of spinors also requires the introduction of a frame bundle eMµ . We also
rescale the scalars XI → ηXI , along with the same rescaling for their superpartners Ψ. From a
purely field-theoretic perspective this can be seen as bringing the spatial kinetic terms for the XI
to canonical normalisation, while geometrically we are really rescaling the coordinates transverse
to the brane as xI → ηxI . Indeed, it is easy to show that this shift can be induced by such
a coordinate shift in the ambient spacetime. We also expand out any Γ-matrices in terms of
constant matrices in the tangent space, as Γµ = e
M
µ ΓM .
Dropping the hats on coordinates, the end result is the action
S = η−1S−1 + S0 + ηS1 , (5.8)
with
S−1 =
1
g2
tr
∫
d4x dx+
(
−1
4
FijFij
)
S0 =
1
g2
tr
∫
d4x dx+
(
1
2
F+iF+i − 1
2
(
DiX
I
) (
DiX
I
)− i
2
Ψ¯Γ−D+Ψ
+
i
2
Ψ¯ΓiDiΨ+
1
2
Ψ¯Γ−ΓI [XI ,Ψ]
)
S1 =
1
g2
tr
∫
d4x dx+
(
1
2
(
D+X
I
) (
D+X
I
)− i
4
Ψ¯Γ+D0Ψ
− 1
4
Ψ¯Γ+Γ
I [XI ,Ψ] +
1
4
[XI ,XJ ][XI ,XJ ]
)
. (5.9)
with supersymmetries as in (3.11), with x0 → x+. This is precisely the action (3.7) we found
by naively scaling five-dimensional maximally supersymmetric Yang-Mills, except now the x+
coordinate in the ambient spacetime plays the role of time on the worldvolume. In particular, in
the η → 0 limit, this coordinate becomes a regular lightcone coordinate on spacetime.
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